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o 

^D ' We compute the Chow group of a Chatelet surface over a dyadic field. Com- 

bined with the previous work of Bloch, Colliot-Thelene, Coray, Ischebeck, Sansuc, 
Oj, Swinnerton-Dyer, and the author, this allows one to compute the Chow group of any 

•^r I Chatelet surface over any number field. 

1. Introduction 

^ I 2-descent (also called a first descent) on elliptic curves E defined over 

^ ■ Q which have the form y"^ — [x — ci){x — C2){x — C3) (where the q are 

r-| . distinct), is a classical theme which goes back to Pierre Fermat, with a 

c^ ! major contribution by John Tate. If carried out successfully, one ends 

up computing the finitely generated commutative group E(Q) of rational 

points on E. 



> 



There is a simpler version of 2-descent, applicable to Chatelet surfaces, 
G> \ i.e. smooth proper surfaces X birational to the affine surface defined by 

m 
en 

^' (1) y^ ~ dz^ = {x - ci){x - C2){x - c^) {deQ''). 

O' 

Q ■ This version has also been pursued by various authors, whose contributions 

fH ! will be recalled in the course of this Note. We intend to carry it out 

successfully, computing thereby the Chow group of X, the finite F2-space 
C I Ao(X)o of degree-0 0-cycles modulo rational equivalence. 

>• . Of the real 2-descent, the one for elliptic curves, Peter Swinnerton-Dyer 

k> ! wrote recently that "the statements of the theory over an arbitrary number 

H i field are not very different, except that the analogues of certain explicit 

results relating to the prime 2 are not known" [8]. 

The main contribution of this Note is to obtain those explicit results at 
the prime 2 for 2-descent on Chatelet surfaces; they allow us to compute 
the Chow group of any Chatelet surface over any number field. 

2. Statement of the local results 

Let K be a finite extension of the field Qp {p prime) of p-adic numbers, 
the ring of integers of K (i.e. the integral closure of Zp in K), p the 
unique maximal ideal of 0, and k = o/p the residue field of K. Denote by 
V : K^ ^ Z the surjective valuation of K. 



Given d E K^ and three distinct numbers ci, 02,03 G K, we get a 
smooth affine K-surface 

(2) y"^ - dz"^ = {x - ci){x - C2){x - cs) 

which is K-birational to P2 if (i G K^^ ; if (i ^ K^^, it is K(vc/)-birational 
to P2, and the group Ao(X)o is killed by 2. 

Let X be any smooth projective K-surface which is K-birational to (2). 
Thus the Chow group Ao(X)o of 0-cycles of degree modulo rational 
equivalence, which we are interested in computing, is trivial ii d G K^^ ; 
we therefore assume that d ^ K^^. 

To fix ideas, we take X to be the surface defined in P(0(2) © 0(2) © O) 
(coordinates y : z : t) over the projective K-line Pi,k (coordinates x : x') 
by the equation 

(3) y'^ — dz^ = {x — cix'){x — C2x'){x — c^x')t^] 

this model was constructed by Colliot-Thelene and Sansuc in [3]. This 
choice is immaterial for our purposes, as we are only interested in comput- 
ing the group Ao(X)o which is independent of the choice of the projective 
model, by a result of Colliot-Thelene and Coray [1] . The surface (3) comes 
equipped with a morphism to Pi whose fibres are conies; there are four 
degenerate fibres, namely the ones above ci, C2, C3 and 00. 

The change of variables xi = x — ci allows us to write (2) as 

y"^ — dz"^ = xi(xi — c'i){xi — C2). 

Upto permuting c'l, €3, we may suppose that v{c2) > v{c[). Moreover, if 
v{c2) > v{c'i), the change of variables X2 = xi — c'i transforms this equation 
into 

y2 _ ^^2 ^ 2;2(a;2 - c'/)(x2 - C2) 

in which ^(02) = w(c'/). In other words, we can suppose without any loss 
of generality that we have ci = and v{c2) = v{cs) in (2). Denoting this 
common valuation by r, we shall henceforth work with 

(4) y"^ - dz"^ = x{x - ei){x - 62) {r = v{ei)). 

With these conventions, let us recall the cases in which the group 
Ao(X)o has been computed. 



Proposition 1 ([6, Prop. 4.7] for p odd, [7, Prop. 1] for p = 2). — 
Suppose that the extension K(v^) is unramified. The group Ao(X)o is 
then isomorphic 

if r is even and v{ei — 62) = r, 
if r is even and v{ei — 62) > r, 
if r is odd. 



Proposition 2 ([7, Prop. 2]). — Suppose that p is odd and that the 
extension L — K(va) is ramified. The group Ao(X)o is then isomorphic 



i) to 





ii) to 


Z/2Z 


Hi) to 


(Z/2Z)2 



X ' 



i) to Z/2Z if ei/e2 = 1 (mod.p) and ei G Nl|k(L 

ii) to (Z/2Z)^ if ei/e2 = 1 (mod.p) and ei ^ Nl|k(L 
Hi) to (Z/2Z)2 z/ ei/e2 ^ 1 (mod.p). 

Suppose that p = 2 and that the extension L = K(v^) is ramified. 
Let X : K^ ^ Z/2Z be the homomorphism whose kernel is the group of 
norms from L^ . The restriction of x to the units 0^ is 7^ 0, because L|K is 
ramified. Since k^ is of odd order, xl^x factors via the group Ui of 1-units, 
and indeed via Ui/Un+i, but not via Ui/Un, for a suitable n > 0. Here 
Un denotes the group of units which are = 1 (mod.p"^). 

As the archimedean local fields were treated in [2], the missing ingre- 
dient is provided by the next proposition, which is our main result. This 
proposition not only completes the determination of the Chow group of a 
Chatlet surface over a local field, but, becuase of a local-to-global principle 
which we will recall below, also over number fields. 

Proposition 3. — Suppose that p = 2 and that the extension L = K(vrf) 
is ramified. Suppose that x factors via Ui/Un+i, but not via Ui/Utj,. The 
group Ao(X)o is then isomorphic 



X' 



i) to Z/2Z i/ ei/e2 = 1 (mod. p^'^+i) and ei G Nl|k(L 

zz) to (Z/2Z)2 if 61/62 = 1 (mod.p^'^+i) and d ^ NLiKiL"" 
iif 



to (Z/2Z)2 if 6x1 62 ^ 1 (mod.p^'^+i) 



As we shall see in the course of the proof, these three propositions, 
as well as the result at the places at 00, actually compute Ao(X)o as a 
subgroup of H^(K, S(K)), where K is an algebraic closure of K and S is 
the K-torus whose group of characters is the Gal(K|K)-module Pic(X), 
with X = X xk K. This is crucial for the application to computing the 
Chow group of a Chatelet surface over a number field. 



3. The method of computation 

It relies on the work of CoIIiot-Thelene and Coray [1] and CoUiot- 
Thelene and Sansuc [3] , [4] ; it has been explained at length in [7] . As 
this last paper was written in a language which is poorly understood in 
many parts of the world, ce qui n'est pas sans rapport avec les peripeties 
de I'auteur, we shall gave a brief summary here. 

One can replace X by any smooth proper K-surface K-birational to X [1, 
Prop. 6.3], which justifies the choice of the particular model X (cf. (3)) of 
the equation (4) that we have made. 

Next, denoting by O the singular point of the fibre at infinity of the 
conic bundle / : X ^ Pi, the map 

7 : X(K) ^ Ao(X)o, 7(Q) = Q - O 

is surjective [1, Theoreme C]. "The characteristic homomorphism" is a 
natural injection 

(/p:Ao(X)o^H1(K,S(K)) 

[4, n° IV] . With the identifications 

i : Hi(K, S(K)) ^ (K7Nl|k(L"))2 ^ (Z/2Z)2, 
the composite map X(K) -^ (Z/2Z)^ is given by 



(1) {y:z:t;x) 



(x(l), X(l)) ifx = oo, 

(x(eie2), x(-ei)) if a; = 0, 

(x(ei), x(ei(ei -62)) ifx = ei, 

(x(x), x(x — ei)) otherwise. 



[3, n° IV] . As all the points in the same fibre of the map / : X(K) ^ Pi (K) 
are mutually equivalent 0-cycles, what we have to compute is the image of 
the induced map [ ] : /(X(K)) -^ (Z/2Z)2. The subset /(X(K)) C Pi(K) 
consists of cx), 0, ei, 62 and all those a; G K, different from 0, ei, 62, for 
which x{^{x ~ Gi){x — 62)) = 0. As explained in [7], what we have to 
compute is the subgroup generated by the image [/(X(K))]. 

All this is valid for K any extension of Qp, and L = K( vrf) any quadratic 
extension of K. As explained in [7, Remarque 5], when L is a ramified 
extension, we can suppose that v{ei) = 0. Further, when p = 2, we can 
assume that e^ G Ui, as every element of k^ is in Nl|k(L^). 

We assume from now onwards that p = 2, that L|K is ramified, and 
that the e^ are (distinct) 1-units of K. 



Lemma 1. — Suppose that x factors via (o/p"') ^ -^ Z/2Z. Then, for every 
X G /(X(K)), we have 

1^1 ^^'(0,0) ^fv{x)<-n, 
[0] if v{x) > n. 



Proof : For x eK distinct from 0, ei, 62, we have 

X{x{x - ei){x - 62)) = x{x) + x{x - ei) + x(x - 62); 

if further x G /(X(K)), this sum is 0. If moreover v{x) < — n, then each 
term is 0, since xi^ ^ ^i) = x(^) i^i this case, so [x] = (0, 0). If however 
v{x) > n, we have x(a: — Ci) = xi^^i) cind therefore x(a;) = x(eie2) ; 
accordingly, [x] = [0]. 

Proposition 4. — Suppose that x factors via Ui/U^j+i but does not factor 
via Ui/Un- Then the subgroup generated by [/(X(K))] is : 

i) {0} X Z/2Z if ei = 62 (mod.p^^+i) and x(ei) = 0, 

a) (Z/2Z)2 i/ ei = 62 (mod.p2"+i) and x(ei) ^ 0, 

zzz) (Z/2Z)2 z/ ei ^ 62 (mod.p2"+i). 

We shall indentify k ^ with the prime-to-2 torsion subgroup of ^ . 

Putting H = Ker(x), notice that 1 + tyf" ^ H for some t G /c^, since 
otherwise x would factor via Ui/Un- Fix such at G k^ ; notice that 
1 - tyr" ^ H, for 1 - tyr'^ = 1 + tn"^ (mod.p"+i), as 2 = (mod.p^). 
If a G H, then a(l + tn^) ^ H, for their quotient is 1 + tyf"^. Finally, 
H — > Ui/Un is a surjection, with kernel H fl (Unf^n+i) of order 2-^"^, 
where g = 2-^ is the number of elements in the residue field k. 

Put X = t-^-'". Observe that x G /(X(K)) and [x] = (0, 1) in aU 
cases : we have x(x) = 0, and x(a; — Ci) = x(l — teiTx"^) = 1, because 
1 - t6,7r" = l-t7i'' (mod. p"+i). 

Proof of i) We have [0] = (0, *), [61] = (0, *), [62] = (0, *) ; let us show 
that (1,*) is not (i.e. (1,0) and (1,1) are not) in the image [/(X(K))]. 
It is sufficient to show that if x G K is distinct from 0, 61, 62, if its 
valuation is between —n and n (cf. lemma 1), and if x(^) = 1? then 
X ^ /(X(K)). Recalling that v{ei — 62) > 2n and that v{ei) = 0, we 
deduce that v{x — 61) = v{x — 62) is given by 

v{x) —n ■ ■ ■ — 1 1 ■ ■ ■ n 

v{x — Ci) —n ■■■ —1 0, l,---,n ■■■ 



Only the case v{x) = needs some explanation : the fact that x(x) = 1 
whereas xi^i) = nieans that x ^ eimod.p""'"^, i.e. v{x — e^) < n + 1. 

Writing r = v{x — e^), we have 

■K~'^{x - 62) = 7r~'^(x - ei) + n~'^{ei - 62) 

with v{Tv~'^{ei — 62)) > n. So we get x — ei = x — 62 (niod.^ P""*""*^), which 
implies that x(a: — ei) = x(a: — 62), and hence x ^ /(X(K)). This failure 
contains the seeds of our success in case in) below. 

Proof of ii) We have [ei] = (1, *), as x(ei) = 1. 

Proof of Hi) It remains to show that (1, *) is (i.e. (1, 0) or (1, 1) is) in 
[/(X(K))], which is clearly the case if x(ei) = 1, and also if x{^2) = 1- 
Suppose then that xi^i) = 0- 

Write 61 — 62 = si,2'Wi,27r°' (si,2 G k^ , ^1,2 G Ui, 1 < a < 2n) and 
let us first deal with the case a = 2n. Identify the F2-space k with the 
subgroup Unf^n+i of Ui/U„_|_i by the map s t-^ 1 + stt"^, and let h C k 
be the codimension-1 subspace such that x(l + stt"^) = if and only if 
s e /i, i.e. h = Kn k. There is a, t ^ h such that si^2t~^ ^ h, for, as t ^ h 
varies, we get 2-^ — 2-^"^ = 2^~^ distinct elements si^2t~^ of /c^, of which 
at most 2f~^ — 1 can belong to /i : we are saved by the skin of our teeth. 
Fix such a t, and put x = ei + tyr", so that x(x) = 1 — this is the only 
place where we are using the fact that x(6i) = — and x(a; — 61) = 0. 
Also, v{x — 62) = n and, writing x — 62 = {x — 61) + (61 — 62), we get 



a: - 62 



t(l + si,2t-V'')mod.p"+\ 



SO x(x - 62) = 1. Thus, X e /(X(K)) and [x] = (1, 0). 

Assume now that the valuation a of 61 — 62 is < 2n and let t E k^ be 
such that 1 + tyf"^ ^ H. Put s = si^2i~^ and take x — ei + sutt"'~'^, where 
-u G Ui is such that x(a;) = 1 ; this can always be arranged, at the cost of 
replacing x by x(l+t7r"'), i.e. u by the w satisfying x(l+t7r") = ei+swTv"'~^ 
(ty G Ui ; in fact, w = u + tuTr'^ + s~^t7r^"~"). We have v{x — 6^) = a — n, 
and 

— ^^^^ = SU + Si,2Wi,27r'^ = su{l + tTr"-) mod. p"'"^^, 

so x{^ ~ 62) + x{^ ~ ci) = 1, i.e. X G /(X(K)). We have [x] = (1, *). 
This completes the proof of Prop. 4, and thereby also Prop. 3. 

4. Consequence 

The main application of Prop. 3 is to the computation of the Chow 
group of 0-cycles of degree on a Chatelet surface defined over a number 

6 



field, an application made possible by the local-to-global principle as 
conjectured in [4] and proved in [5]. As this process has been clearly 
explained in [9] and [4] , we content ourselves with a practical remark. 

Changing notation, let K be a finite extension of Q, (i G K^ and let 
ci, C2, C3 G K be distinct. Let X be any smooth proper surface K-birational 
to (4). For each place v of K, we have a map Ao(X)o -^ Ao(X^;)o, where 
X„ = X X K„ and K„ is the completion of K at the place v. We also have 
a map jy : Ao(X^)o -^ (Z/2Z)"^ (restoring symmetry) whose image lies 
in the subgroup 61 + 62 + ^3 = 0. If d G K^^ then Ao(X^)o = {0} [1, 
Prop. 4.7], as X„ is then K„-birational to P2. Assume that d ^ K^^. 

If z; is a real place, the results of [2] allow us to compute jy. Assume 
that V does not lie above 00. 

Suppose that the extension Ky{^/d) is unramified. Ifv lies above an odd 
prime, the results of [6, Prop. 4.7] (cf. Prop. 1 ; see also [7, n° 4]) allow us 
to compute jy. If v lies above 2, then one applies [7, n° 4]. 

Suppose now that the extension Ky(\/d) is ramified. If v lies above an 
odd prime, one can use [7, Prop. 2] (cf. Prop. 2). Finally, if v divides 2, 
one applies Prop. 3 to compute jy. 

By the local-to-global principle as conjectured in [4] and proved in [5], 
the group Ao(X)o is the kernel of the map (Byjy form ©^;Ao(X^,)o into 
(Z/2Z)3. 
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